ALMOST LAGRANGIAN OBSTRUCTION 



DANIELE SEPE 



Abstract. The aim of this paper is to describe the obstruction for an almost Lagrangian fibration 
to be Lagrangian, a problem which is central to the classification of Lagrangian fibrations and, 
more generally, to understanding the obstructions to carry out surgery of integrable systems, an 
idea introduced in [16] . It is shown that this obstruction (namely, the homomorphism T> of Dazord 
and Delzant |4] and Zung [16]) is related to the cup product in cohomology with local coefficients 
on the base space B of the fibration. The map is described explicitly and some explicit examples 
are calculated, thus providing the first examples of non-trivial Lagrangian obstructions. 
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1. Introduction 

A fibration F M — > B is said to be Lagrangian if M admits a symplectic form oj such 
that the fibres are Lagrangian. Throughout this paper, the fibres F are taken to be compact 
and connected; by the Liouville-Mineur-Arnol'd theorem (cf. pQ), this condition implies that the 
fibres are diffeomorphic to tori. Another consequence of this theorem is that the base space of a 
Lagrangian fibration is an integral affine manifold, as shown by many authors {e.g. [3| [6j W2\ 16J). 
An integral affine structure A on B is an atlas {(Ui,ipi)} whose changes of coordinates ipj o ipj 1 : 
R n — > W 1 lie in the group 

Aff z (K n ) := GL(n,Z) x R", 
where the action of GL(n, Z) on M n is the standard one. 

Notation. An integral affine manifold is henceforth denoted by (B, A), while T n (M, u) — > (B, A) 
denotes a Lagrangian fibration which induces the integral affine structure A on its base space. The 
latter is referred to as a Lagrangian fibration over (B,A). 

Given a Lagrangian fibration over (B,A), the atlas A on the n-dimensional manifold B deter- 
mines a representation 

a:7ri(5)^AfT 2 (M n ), 

which arises from identifying tt\{B) as the group of deck transformations acting by integral affine 
diffeomorphisms on the universal cover (B, A), where A is the integral affine structure on B induced 



1991 Mathematics Subject Classification. 37J35,37J05,57R17,70H06. 

I would like to thank Jarek Kedra for many stimulating discussions and the referee for his insightful comments. 

1 



by the universal covering q : B — >■ B (cf . [2] ) . The homomorphism a is known as the affine holonomy 
of the integral affine manifold (B,A), while the composite 

[ := Lino a : tti(B) -» Aff z (]R n ) ->• GL(n,Z) 

is called the linear holonomy of (5,^4). On the other hand, associated to a Lagrangian fib-ration 
over (B,A) is a homomorphism 

p : tti(B) GL(n,Z), 

called the monodromy of the fibration (cf. [6]). The monodromy and linear holonomy are related 

by 



where — T denotes inverse transposed. Conversely, any n-dimensional integral affine manifold (B, A) 
with linear holonomy [ is the base space of a Lagrangian fibration T n ^ (M,oj) — > (B,A) with 
monodromy representation [~ T . 

Another consequence of the Liouville-Mineur-Arnol'd theorem also is that the structure group 
of a Lagrangian fibration over an n-dimensional manifold reduces to 

Aff z (lR n /Z n ) := GL(n,Z) x R n /Z n . 

This observation implies there are only two topological invariants associated to a Lagrangian fi- 
bration, namely the aforementioned monodromy p, and a cohomology class [c] € H 2 (i?;Z™) called 
the Chern class, which is the obstruction to the existence of a section (cf. Note that 

[c] lies in the cohomology theory with local coefficients in the module 7Ti(T n ) = Z n twisted by the 
representation p (cf. [H 161112^116]). Given an integral affine manifold (B,A) with linear holonomy [, 
the set of (isomorphism classes of) Lagrangian fibrations over (B,A) (and, thus, with monodromy 
l~ T ) is in 1-1 correspondence with a subgroup 

R < K 2 (B;Z™_ T ). 

It is natural to ask what subgroup R is: work of Dazord and Delzant in [4] and of Zung in |16j 
proves that there exists a homomorphism 

V : H 2 (£;Z" T ) R 3 (B;R) 

with R = ker T>. This map represents the obstruction to construct an appropriate symplectic form 
on the total space of an almost Lagrangian fibration over (B,A) (cf. Definition [1]) . However, there 
is no explicit general description of this homomorphism in the literature. 

The aim of this paper is to relate the homomorphism T> to the cohomology of B in the case of 
regular Lagrangian fibrations and to carry out some explicit calculations. Dazord and Delzant in 
[4] show that, when the monodromy representation is trivial, the homomorphism T> is given by the 
cup product on the singular cohomology ring of B. The main result of this paper generalises this 
description. 

Main Result. The homomorphism T> arises from taking twisted cup product on B {i.e. cup 
product in cohomology with local coefficients). 

For a fixed integral affine manifold (B,A), the homomorphism T> distinguishes those almost La- 
grangian fibrations over (B,A) which are actually Lagrangian and those which are not; the latter 
are called fake. The local structure of almost and fake Lagrangian fibrations has been studied by 
Fasso and Sansonetto [7] in the context of a generalised notion of Liouville integrability. Elements 
of R are called realisable, the terminology coming from the theory of symplectic realisations of 
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Poisson manifolds (cf. [H E]). The above Main Result is important in the classification of La- 
grangian fibration over manifolds of dimension greater than or equal to 3, in so far as it provides 
an algorithm to compute the subgroup of realisable classes. Furthermore, the constructions in this 
paper are related to the idea of integrable surgery, introduced in [16] , where two or more completely 
integrable Hamiltonian systems are glued together to yield a new one. 

The structure of the paper is as follows. The notion of almost Lagrangian fibrations over an 
integral affine manifold (B,A) is introduced in Section [21 following ideas in [7j. These fibrations 
are the right 'candidates' to be Lagrangian, as they share with their Lagrangian counterparts all 
topological invariants and constructs. Section [3] deals with the proof of the Main Result and is 
divided into two parts. The first sets up some notation and describes the obstruction in the case 
of trivial linear holonomy of (B,A) (cf. [4]). The general case is presented in Section 13.21 the 
homomorphism D is described in detail and shown to coincide with the twisted cup product on B. 
Moreover, an explicit algorithm to compute R in general is provided. This is a non-trivial task since 
the homomorphisms involved in the definition of T> are defined on simplicial spaces, which are not 
easily dealt with from a computational point of view. In Section [H there are some examples related 
to the classification of Lagrangian fibrations. In particular, the algorithm outlined in Section [3] is 
applied to some concrete examples of integral affine manifolds. 

2. Almost Lagrangian fibrations 

Throughout this section, fix an integral affine manifold (B,A) with linear holonomy [ : tt\{B) — > 
GL(n,Z). Denote by n : M — > B the projection map of a Lagrangian fibration T n <^-» (M, u) — > 
(B,A). The Liouville-Arnol'd-Mineur theorem (cf. pQ) implies that there exists a good (in the 
sense of Leray) open cover IA = {U} of B by trivialising neighbourhoods such that 7r~ 1 (L^) has 
coordinates (xj,tj) (called local action-angle coordinates) with the following properties 

• the action coordinates Xj define the integral affine structure A, while the angle coordinates 
tj define integral affine coordinates on the fibres; 

• for each i, the restriction U)i = u^-imA takes the form 

n 

QJi = ^dx- A dt\; 
l=i 

• the transition functions (f>ji are given by 

<j>H : (Ui n Ui) xT"4 (u n UA x T n 
(2) T 

( x i> tj) i— y (Aj{X.{ + Cji, Aj- tj + gjj(xj)) 

where Aji £ GL(n, Z) and Cji € M n are constant, and gjj : Uji — > T" is a local function 
constrained by the fact that 

fjM = 

for all i,j. 

The above necessary conditions for a Lagrangian fibration over (B, A) and the results of [7] 
motivate the following definition. 

Definition 1. A fibration T n ^ M — > (B,A) is said to be almost Lagrangian if there exists a 
good open cover U = {U} of B such that 

• there exist trivialisations ifi : tt~ 1 (U) — >■ U x T n inducing local coordinates (xj,tj); 

• the local coordinates Xj are integral affine coordinates on (B,A); 
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• the transition functions (f>u = (fj o cp i are of the form 

(3) 0jj(xj,tj) = (^4jjXj -{- Cji, A.ji tj + gjj(xj)) 

where A„ G GL(n,Z) and G M n are constant, g,-j : C/,j — )• T™ is a local function. 
Remark 1. 

• An almost Lagrangian fibration T n M — >• (B,A) has structure group Affx(K n /Z n ). 
Thus the topological classification of almost Lagrangian fibrations coincides with that of 
Lagrangian fibrations (cf. [6]) and it makes sense to consider the monodromy and Chern 
class of such fibrations; 

• If p denotes the monodromy representation of an almost Lagrangian fibration T n <^-» M — > 
(B,A), then 

p = r T , 

where I denotes the linear holonomy of (B,A); 

• For a fixed almost Lagrangian fibration, each 7T~ (Ui) admits a local symplectic form 

n 

(4) w^^dxjAdtj, 

l=i 

where (xj,tj) are local coordinates as in Definition [TJ An almost Lagrangian fibration is 
Lagrangian if and only if it is possible to choose the transition functions <j>ji so that 

• In analogy with the Lagrangian case, T n M — > (B, A) denotes an almost Lagrangian 
fibration constructed from the integral affine structure A on B. Such fibrations are in 
1-1 correspondence with the set of T n -bundles with structure group Affz(M ra /Z n ) whose 
monodromy equals \~ T . 

The period lattice bundle associated to an integral affine manifold (B,A) plays an important 
role in the study and construction of almost Lagrangian fibrations. 

Definition 2. Let Xj be local integral affine coordinates defined on subsets U{ of (B,A). The 
period lattice bundle P(b,A) C T*B associated to (B, A) is the discrete subbundle (with fibre Z n ) 
which is locally defined by 

P(B,A)\Ui ■= {fa, Vi) G T*Ut : Vi G Z(dxj, . . .,<&?)}. 

Remark 2. Let T n >■ M — > (B,A) be an almost Lagrangian fibration. Just as in the Lagrangian 
case, the bundle obtained by replacing the torus fibres with their first homology groups Hi(T ?l ;Z) 
is isomorphic to the period lattice bundle associated to (B,A). The isomorphism is defined locally 
using the symplectic forms of Remark [TJ and it sends the differentials &x\ to the homology cycle 
generated by the time-1 flow of the Hamiltonian vector field of the function x\ (cf. [6]). 

The inclusion P(b,A) ^ T*-B defines an injective morphism of sheaves 

(5) V (BA) ^Z\B) 

where V^b,A)^ ^(B) denote the sheaves of sections of the period lattice bundle P(b,A) ~^ B and of 
closed sections of the cotangent bundle T*B — > B respectively (cf. [UdE]). Recall that the Chern 
class of an almost Lagrangian fibration over (B,A) lies in the group 

K 2 (B;V (BtA) )=R 2 (B;Z^ T ), 

as shown in [U [6]. It is important to note that the above isomorphism is induced by the isomor- 
phism of Z n -bundles described in Remark [2j Henceforth, the local coefficient system with values 
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in Z n and twisted by the representation [ T is identified with the stalk of the sheaf of sections of 
the period lattice bundle Pm,A)- 

The morphism of equation ([5]) induces a homomorphism of cohomology groups 

(6) U\B;V {BA) )^U 2 (B;Z l (B)). 

If C°°(B) denotes the sheaf of smooth functions on B, there is a short exact sequence of sheaves 

>-R ^C°°(B) — ^-^Z 1 (B) ^0, 

where d denotes the standard exterior differential; since C°°{B) is a fine sheaf, the induced long 
exact sequence in cohomology yields an isomorphism 

(7) H 2 ^;^ 1 ^)) 2* R 3 (B;R). 

Definition 3 (Dazord and Delzant [1]). The composition of the homomorphism of equation ([6]) 
and the isomorphism of equation (|7|) yields a homomorphism 

V:R 2 (B;V {B<A) )^R 3 (B;R), 

called the Dazord- Delzant homomorphism. 

Remark 3 (Dazord and Delzant [1]). For an almost Lagrangian fibration over (B, A) with transition 
functions 4>ji as in Definition [H a Cech cocycle representing T>[c] is given by 

Remark [3] lies at the heart of the proof of the following theorem, stated below without proof as 
it is a known result. 

Theorem 1 (Dazord and Delzant [4]). The subgroup of realisable Chern classes for a given integral 
affine manifold (B,A) is given by kerP. 

3. The Dazord-Delzant homomorphism and equivariant cup products 

3.1. The case with trivial monodromy. Let (B,A) be an integral affine manifold with trivial 
linear holonomy. The period lattice bundle P(b,A) admits a global frame of closed forms {9 , . . . , 9 n } 
which, locally, are given by the differentials of integral affine coordinates (cf. [2]). The set of iso- 
morphism classes of almost Lagrangian bundles over (B,A) is in 1-1 correspondence with elements 
of the cohomology group H 2 (£?;Z n ). The universal coefficient theorem and the fact that Z n is a 
free module imply that there is an isomorphism 

(8) H 2 (B;Z n )^H 2 (B;Z)«Z' 1 

(cf. |13J). The above coefficient system Z n is given by the stalk of the sheaf of sections VtB,A) °f 
the period lattice bundle P(b,A) > which, in this case, corresponds to integral linear combinations of 
9 , . . . , 9 n . Thus elements of H 2 (l?; Z n ) are of the form 

p,q 

where n pq € Z and {[/3 P ]} form a basis of H 2 (1?;Z). The following theorem, stated below without 
proof, describes the Dazord-Delzant homomorphism in the case of trivial linear holonomy of the 
base space (B, A). 
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Theorem 2 (Dazord-Delzant gj). The map V : R 2 (B;Z n ) -)■ H 3 (S;M) is given by 



0) 



u pM ®° q ^ 



where 03- is a 2-cocycle with values in the real numbers representing the image of a cocycle j5 v 



representing [(3 P ] under the map H 2 (i3;Z) — > H 2 (i3;Z) 



H 2 (i? ; : 



3.2. The general case. Theorem [2] shows that the map T> is related to cup product in the real 
cohomology of an integral affine manifold (B, A) with trivial linear holonomy. In general, the situa- 
tion is not as simple. Let (B,A) be an integral affine manifold with linear holonomy [; H 2 (£>;Z!!: T ) 
denotes the set of isomorphism classes of almost Lagrangian fibrations over (B,A). The universal 
coefficient theorem for cohomology with local coefficients in [lUj gives the following short exact 
sequence 



-> H 2 (5;Z[tt] 



Tor(H 3 (S;Z[7r] taut ),Z") ^0 



where ir = tti(B), Z[tt] denotes the group ring of ir and taut : ir — > Aut(Z[7r]) defines the tautologi- 
cal representation of ir on Z[7r] given by left multiplication. In general, neither H 3 (5; Z[-7r]taut) nor 
Z™ are free Z[7r]-modules and so there is no equivariant equivalent of the isomorphism in equation 
([8]). In what follows, a candidate for the map T> is suggested and then it is proved to be the correct 
one in Theorem O 



Throughout this section, fix an integral affine manifold (B,A) with linear holonomy I and let 
7r denote its fundamental group. Let T n <^-> M —> (B,A) be an almost Lagrangian fibration with 
Chern class [c] G H 2 (f?; Z[L T ). Let q : B — > B be the universal covering of B, and let A denote the 
induced integral affine structure on B via q (cf. [2]). 



Remark 4. The Chern class [c] of the fibration M —¥ B is pulled back to the Chern class [c] = q*[c] € 
H 2 (i?; Z n ) of q*M — > (B, A) by functoriality of the Chern class (cf. [E]). A cocycle representing [c] 
is a cochain in hom^[ 7r ](C2(-B); Z n ), where Z n is a Z[7r]-module via the monodromy representation 
l~ T . In particular, if c is a such a cocycle, it is just an equivariant cocycle representing [c], since 
hom Z [ 7r ](C*(i3); Z n ) is a subcomplex of complex homz(C*(.B); Z n ) (cf. [To]). 

Let P(b,A)j P(b A) denote the period lattice bundles associated to (£>, .A) and (B, A) respectively; 
there is a commutative diagram 



(10) 



P - - c 

(B,A) 



Q 



P(B,A) C 



T*B 
Q 
T*B, 



where Q : T*B = q*T*B — > T*B is induced by the quotient map q. The above diagram implies 
that there exists a 7r-equivariant global frame of closed forms {6 , . . . , 6 n } of T*B; thus the fibre Z n 
of the period lattice bundle P(b,A) ~* B can be identified with the fibre of P(§ A) ~~ ^ Therefore 
the inclusion P,g CT*B induces a homomorphism 

X : hom z (C 2 (£);Z n ) -> hom z (C 2 (S);hom z (C 1 ( J B);M)), 

which maps the subgroup hom z j 7r ](C2(-B); Z n ) to 7r-equivariant homomorphisms. 
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Corollary 1. The following diagram commutes 
(11) ham zw (C 2 (fl);Z»)c 

x 

hom zw (C 2 (B);hom z (C 1 ( J B); 
Proof. The result follows from the commutativity of the diagram in equation (|10p . 



hom z (C 2 (£);Z n ) 



homz(C 2 (B);hom z (Ci(£); 



□ 

Remark 5. In order for hom Z [ 7r ](C 2 (i?); hom z (Ci(.B); R)) to be a Z[7r]-module, fix the action of 7r 
on C 2 (-B) to be on the left, while the action on Ci(-B) to be on the right, so that hom z (Ci(-E>); M) 
is a left Z[7r]-module. While it is a technical point, it is important for the proof of Lemma [TJ 

Let c be a cocycle representing the Chern class [c] of the almost Lagrangian fibration. The 
differential D on the complex 

hom ZW (a(J); hom z (aOB);M)) 

is given by the graded sum of the differentials d and 5 on the complexes C*(B) and hom z (C*(-B); R) 
respectively. Then 

£>x(c) = o, 

since x( c ) takes values in closed 1-forms. The chain isomorphism (cf. [5]) 

: hom z (C*(5);hom z (C*(B);M)) hom z (C«.(B) ® z C*(B);M) 

defined by 

= (/(y))(s) 

for all g G homz(C*(S); homz(C*(.B); R)), x G C*(B) and y € C*(B), preserves the Z[7r]-module 
structures defined in Remark [5] and, thus, defines a chain isomorphism 

* : hom zw (C,(5);hom z (C,(B);M)) -> hom z (C*(B) ® z[7r] C*(£);R). 

Therefore there is a commutative diagram 

(12) hom z[7r] (a(S);hom z (C 1 ( J B);R))^^hom z (a(S);hom z (Ci( J B): 
hom z (Ci(5) ® zw C,(5);R)C 5 ^hom z (Ci(B) ® z 0,(5);! 



In light of the above commutative diagram, ^ o \{ c ) can be seen as an equivariant element of 
hom z (C*(S) ® C*(jB);R). Consider the composition 

$ : hom z (C*(B) <g> C*(£?);R) -> hom z (C*(5 xfl);R)-> hom z (C*(5);R), 

where the first homomorphism is induced by the Alexander- Whitney map 

A : C*(B xB)-> C*(B) <g> C*(B) 

and the second by the diagonal map 

A : B -> B x B. 



It is standard that these maps can be made into equivariant simplicial chain maps (cf. [13J ) , 
i.e. they can be chosen to preserve the underlying Z[7r]-module structures. Therefore there is a 
well-defined map 

(13) $o*o X :hom z[7r] (a(B);Z")^hom z (a+i(B);R), 
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which descends to cohomology. This is the candidate for T>. Note that the map ^o'J'o^on standard 
cochains on B is simply given by the cup product by definition of the various homomorphisms 
involved (cf. |15j). 

Definition 4. The map of equation (|13p is called the twisted cup product on {B,A). 

The following lemma proves that the image of the twisted cup product lies in the n-invariant 
forms on B, i.e. it defines a form on B. 

Lemma 1. Let c be a cocycle representing the Chern class [c] of the fixed almost Lagrangian 
fibration T n ^ M -> (B, A). For all 7 G ir, 

7 • ($ o ^ o x(c)) = $ o ^ o x(c) 

Proof. To simplify notation, set x(c) = /. Fix 7 6 7r and let 2; be a singular 3-simplex taking values 
in B. Then 

(<*> ° *)(/)(*) = (*(/))((* ° A 1 ) Oz* (* o 
= f(zo^)(zo\ 1 ), 

where the first equality follows from noticing that $ is obtained by composing the pullbacks of the 
diagonal map and the Alexander- Whitney map on B. The map A 1 : A 1 — > A 3 is defined on vertices 
of the 1-simplex by A 1 ^ = e% for % = 0,1, while fi 2 : A 2 — > A 3 is defined on vertices of the 2-simplex 
by /i 2 ej = ex+j for j = 0, 1, 2 (cf. [13J). On the other hand, 

(7-(*o*)(/))(z) = (*o*)(/)( 7 ^) 

= (*(/))((( 7 ^)oA 1 )® & ((7-2)o M 2 )). 

By definition 

(15) (7 • z) o A 1 (t) = 7 ((* o A 1 )^)) = ((* o A 1 )^)) • 7- 1 

where the last equality follows from the fact that C\{B) is a right Z[7r]-module (cf. Remark [5]). 
Similarly, 

(16) (7 -z) o M 2 (i) = 7 ((* o ^){t)) = 7 .((zo ^ 2 )(i)). 
Combining equations (I15p and ()16|) 

(*(/))(((7 • z) o A 1 ) Z7r ((7 • z) o ,u 2 )) = (¥(/))((* o A 1 ) • 7- 1 ®z* (7 • (* o z" 2 ))) 

(17) =(M/(/))((^oA 1 )® Z7r (zo^ 2 )) 

= /(zo^ 2 )(zoA 1 ), 

where the penultimate equality follows by properties of the tensor product. Comparing equations 
(fT4"j) and (fT7|) yields the required result. □ 

Lemma [T] shows that $ o \£ o ^ defines a homomorphism of cohomology groups 

H 2 (5;Z" T ) -»■ H 3 (5;R). 

It remains to show that it coincides with the map T>. Let c be a cocycle representing the Chern 
class [c] of the almost Lagrangian fibration T n <—> M — > (B,A); by Remark [H considering c as 
a standard cocycle on B yields a cocycle representing q*[c], i.e. the Chern class of the almost 
Lagrangian bundle obtained by pulling back along the universal covering q. The commutative 
diagrams of Corollary [Tj and equation (fT2|) imply that 

(18) 1<o$o X (c) = $o$o X (t(c)), 
where 

t : hom zw (C 2 (5);Z n ) hom z (C 2 (B); Z") 



denotes inclusion. The homomorphism 

: homz(C 2 (2?);hom z (Ci(.B);R)) ->■ hom z (C 3 (S); R) 

equals cup product by definition. Therefore, on the level of cohomology groups, it equals the 
Dazord-Delzant homomorphism T> for the integral affine manifold (B, A) by Theorem [2J Since i 
induces the pullback map q* on cohomology, it follows that 

(19) $o$o X = Pog* :R 2 (B;Z^ T ) ^H 3 (B;K). 
Lemma 2. The following diagram commutes 

q* q* 

R 2 (B;Z n )^^-R 3 {B;R) 
Proof. There is a commutative diagram of sheaves 

(20) V{B,A)^Z l (B) 

q* q* 
V M ^Z\B) 

where V{b,A) > "Pm A) (^(B), -^C^)) are the sheaves of sections of the period lattice bundles 
P(B,A) ~ * Bi (B A) ~ y (sheaves of closed sections of the cotangent bundles T*B — > B, T*B — s> B) 
respectively. The commutativity of the above diagram follows from equation (flOl) . Equation ([20]) 
induces a commutative diagram of cohomology groups 

H 2 (£>; V(b,a)) — H 2 (-B; Z 1 (B)) 

q* q* 

^\B-f M )^R\B-Z\B)). 
There is a commutative ladder of short exact sequences of sheaves 

(21) 

R *- C°°(B) — ^ Z l (B) >- 0; 

since both sheaves of smooth functions C°°(B) and C°°(B) are fine, it follows that there are iso- 
morphisms 

R 2 (B;Z 1 (B)) H 3 (£;R) 
R 2 (B;Z l {B)) H 3 (I?;R) 

which commute with the natural maps q* induced by the universal covering q : B — >• B. Applying 
these isomorphisms to the commutative diagram of equation (|2ip . the result follows. □ 

Lemma [2] states that T> o q* = q* o D. It follows from equation (|19p that 

(22) <S>o^o X = Voq*=q*oV 
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■ L^{B) 



Z\B) 



Lemma Q] shows that the image of the map <I> o \I> o \ lies precisely in the subgroup of 7r-invariant 
closed 3-forms on B. Such forms are in 1 — 1 correspondence with cohomology classes of 3-forms on 
B. Denote by [<J> o o x( c )]b the cohomology class of the 3-form on B obtained from $ o \I> o x( c )- 
Therefore the following theorem, which contains the main result of the paper, holds. 

Theorem 3. If c denotes a cocycle representing [c] £ H 2 (i3;Z™) 

[$0^0 x(c)] B = V[c] 

for all [c] £ H 2 (1?;Z™). In other words, the Dazord-Delzant homomorphism T> is given by taking 
the twisted cup product. 

Remark 6. It is not necessary to use the universal cover B in the above discussion. It is enough to 
consider an integral affine covering (B,A) of (B,A) corresponding to the normal subgroup ker l~ T . 
By construction, A has trivial linear holonomy and so the above considerations can be applied. 
More generally, Lemma [2] can also be applied to any integral affine regular covering (B,A) of 
(B,A) to show an analogous relation between the maps T>,T>. 

The above discussion provides an explicit algorithm to compute T> for any integral affine manifold 
(B, A) with linear holonomy t. Given an almost Lagrangian fibration T n M —> (B,A) with 
Chern class [c], let c be an equivariant cocycle representing [c]. Fix a cell decomposition of B (which 
is assumed here to be a CW complex without loss of generality) and a [ -T -equivariant global frame 
{6 1 , . . . , 9 n } for the embedding of the period lattice bundle P,^ j\ — > B of the pullback fibration 

M — > B. Note that the cell decomposition of B induces a 7Ti(l?)-equivariant cell decomposition of 
B; moreover, Cj(£?) is a free Z[7ri(i3)]-module with basis given by choosing a representative of each 
of the i-cell in B. To each 2-cell e 2 of B, c associates a vector v r = (v 1 , . . . , v™). Using the map \, 
identify the vector v r with 

vie 1 + ... + v y n 

and for each 2-cell e 2 . in B choose a Kronecker dual e 2 . € hom(C2(-B); Z). For each r, the pullback 
of e 2 : C%{B) — > Z to B defines an element e 2 € hom^(C2(-B); Z). The sum 

r,l 

is then the cocycle $0^/0 x( c ); whose cohomology class (as a 3-form with real values on B) is 
V[c]. 

4. Examples 

In this section the subgroup R of realisable Chern classes is computed for some integral affine 
manifolds so as to illustrate the algorithm to compute the Dazord-Delzant homomorphism T> of 
Section [3l The following theorem, quoted here without proof, is used in each example to prove that 
the manifolds under consideration are indeed integral affine (cf. [9|). 

Theorem 4. Let (B,A) be an integral affine manifold and T a group acting on (B,A) by integral 
affine diffeomorphisms such that the quotient B /T is a manifold. Then B/T inherits an integral 
affine structure Ar from (B,A). 

T 3 with standard integral affine structure. This example has also been considered in 
where different methods are used. Consider the integral affine manifold M 3 /Z 3 , where the action 
of Z 3 on R 3 is by translations along the standard cocompact lattice. These are integral affine 
diffeomorphisms of M 3 with respect to its standard integral affine structure and thus the quotient is 
an integral affine manifold, which is denoted by M 3 /Z 3 for notational ease. Its linear monodromy I 
is trivial. Let ( 3 ) be the standard (integral affine) coordinates on M 3 inducing integral affine 
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coordinates on T 3 , which are also denoted by ( X . X . X ) by abuse of notation. Let F ^ M — > 
R 3 /Z 3 be an almost Lagrangian fibration with trivial monodromy (the fibre is denoted by F to avoid 
confusion with the base). The period lattice bundle Pr3 j^z — > R 3 /Z 3 associated to this fibration is 
trivial and the embedding of equation ([8]) determines a global framing of T*R 3 /Z 3 = R 3 /Z 3 x R 3 . 
Fix the framing to be {dx 1 , dx 2 , dx 3 }. Let {[/3i], [/?2], [/?3]} denote the standard ordered basis of 
H 2 (R 3 /Z 3 ;Z). Under the homomorphism 

H 2 (R 3 /Z 3 ; Z) -> H 2 (R 3 /Z 3 ; Z) ®^R = H 2 (R 3 /Z 3 ; R) 

(23) »-> ®z 1 

the above basis is mapped to the standard ordered basis {[dx 1 A dx 2 ], [dx 2 A dx 3 ], [dx 3 A dx 1 ]} of 
H 2 (R 3 /Z 3 ; R). In order to follow the conventions set in fix the ordered frame of the period 
lattice bundle to be {6 1 = dx 3 , 6 2 = dx 1 , 9 s = dx 2 }. Let 

[c] = (c w ) 6 H 2 (R 3 /Z 3 ; Z 3 ) ^ H 2 (R 3 /Z 3 ; Z) <g> Z(dx 3 , dx 1 , dx 2 ) 

be the Chern class of the fibration M — > R 3 /Z 3 , so that 



3 

[c] = E c ^ \Pi\ ® ° T - 

l,r=l 

The result of Theorem [2] shows that 

l,r=l 

where fif* is a cocycle representing the image of the cohomology class [Pi] under the map of equation 
(j23|) . Therefore, 

V[c] = (c u + c 22 + c 33 ) [dx 1 A dx 2 A dx 3 ] G H 3 (R 3 /Z 3 ;R) 

where the isomorphism between singular cohomology with real coefficients and de Rham cohomol- 
ogy has been used tacitly. Since [dx 1 A dx 2 A dx 3 ] is a generator of H 3 (R 3 /Z 3 ; R), 

V[c] =0 CU + C 22 + C 33 = 0, 

as shown in [11 J. 

The 3-dimensional Heisenberg manifold. The 3-dimensional Heisenberg manifold is an inter- 
esting example of an integral affine manifold as its fundamental group is not abelian, but nilpotent. 
The relation between affine manifolds with nilpotent fundamental groups and affine geometry has 
already been investigated in [8], although much less is known in the context of solvable fundamental 
groups. 

Let 

N 3 (R) 

denote the set of unipotent upper-triangular 3x3 matrices with real coefficients and let 

r = n 3 (z) 

denote the lattice of unipotent upper-triangular 3x3 matrices with integral coefficients. The 
3-dimensional Heisenberg manifold is given by 

H = T\N 3 (R) 
n 





X 1 


x 3 ^ 




K: 


1 


x 2 


: x\x 2 ,x 3 G 







u 







a 1 


a 3 \ 


{(: 


1 












where T acts on Na(R) by left multiplication. N3(R) = R 3 is an integral affine manifold; let 
X . X j X 3 : N3(K) — > R be globally denned integral affine coordinates on Na(R). The lattice 
r C N3(R) is generated by the matrices 




(24) a = f , $ = 1 1, 7 





Denote a point in Ns(R) by its integral affine coordinates (x 1 ,^ 2 ,^ 3 ) and let L : V — > Aut(N3 
denote the representation of T induced by left multiplication. Note that 

/x 1N 

a ■ x 2 | I o J J 1 I r- 1 + 

\x 3 , 

(2->) P- | X 2 | = | 1 | ( .r 2 J + 




'x p 

- | x 2 I - I 1 (I | | ] + 

,x 3 



Equation (|25|) shows that the image L(r) lies in the group Affz(N3(R)) of integral affine isomor- 
phisms of N3(R). In particular, Theorem 0] implies that Heisenberg manifold H inherits an integral 
affine structure from its universal cover Ns(R). Denote this integral affine manifold also by H 
and, by abuse of notation, let (x , x 2 , x 3 ) be its integral affine coordinates. The linear monodromy 
[ : T = tt\{H) — > GL(3,Z) is defined on the generators of equation ([24"|) by 



(26) 1(a) = 1 1 , l(/3) =1 = [( 7 ) 




Let M — > H be an almost Lagrangian fibration with monodromy [~ T , and let q : N3(R) —> H be 
the universal covering map. The pullback fibration q*M — > N3(R) has trivial monodromy, since 
Ns(R) is simply connected. In particular, the period lattice bundle -Pn 3 (r) — > Ns(R) into T*Ns(R) 
determines a choice of global frame of T*N3(R) by closed forms. The homomorphism of equation 
(|8|) gives the ordered frame {9 1 = dx 3 ,9 2 = dx 1 ,^ 3 = dx 2 } of T*N3(R). This frame is equivariant 
with respect to the standard symplectic lift of the action of tti(H) = T on Ns(R) by deck transfor- 
mations to the cotangent bundle T*N3( 



The fundamental group r of H admits the following presentation in terms of generators a, f3, 7 
of equation ([24"]) 

r = (a, (3, 7 : a/3 = 7/3a, 07 = 7a, ^7 = 7/3) 

H admits a CW-decomposition with one 0-cell e°, three 1-cells e\,e\,e\, three 2-cells e 2 ,e 2 ,e 2 and 
one 3-cell e 3 . This decomposition induces a Z[r]-equivariant CW decomposition on H = N3(R) as 
in the previous example. Fix a basis for the graded Z[r]-module C*(H) = Uz>i ^i(H), denoted by 

e°, e\, e\, e 2 , e 2 ,, e 2 , e 3 by abuse of notation. The boundary maps in the Z[r]-equivariant chain 
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complex are 



(27) 



ft (el) 


= (a 


-l)e° 




dx{e\) 


= w 


-l)e° 




di(el) 


= (7 


-l)e° 




d2(e\) 


= (1 


- 7/3)eJ + (a 


- iy\ - e\ 




= (1 


- l)e\ - (1 - 


P)4 


5 2 (e|) 


= (!■ 


-7)ei + (a- 




ds(e 3 ) 


= (7 


- l)e\ + (a - 


+ (i- 



and can be obtained from the above presentation of the group by noticing that the augmented chain 
complex C*(-ff) — >• Z is a free Z[T] -resolution of the trivial module Z. The twisted cohomology group 
H 2 (iif;Z 3 T ) is calculated as follows. Let 4> = (0i,02>03) : C 2 (-B) — >■ Z 3 be a Z[r]-equivariant map. 



Then 



(<5 3 0)(e 3 ) = ^e 3 ) 

= (r T ( 7 ) - I)0( e 2 ) + (r T («) - r T ( 7 ))0(e|) + (i — r T ( 7 )r T (/3))^(e|) 
-1 N 




Thus 4> defines a closed 2-cocycle if and only if 

M4) = o, 

and 

(28) ker 5 ^ (Z © Z © Z) (Z © Z 0) (Z © Z © Z), 

where each summand in brackets corresponds to the contribution of a 2-cell. Suppose now that 
(/) = dtp € hom z[r] (C 2 (F);Z 3 ), then 

= (J - r T ( 7 )r T (/3))0( e i) + (P T (a) - r T (/3))0(e 2 ) - <t>{e\) 
= (I- r T (7))<^(e^) - (/ - r T (/3))0(e 2 ) 
(^)(ef ) = (I - r T ( 7 ))^(ei) + (r T (a) - I)<t>{e\) 
which implies that 

(29) im5 ^ (Z © Z © Z) © (0 © © 0) © (0 © © 0). 
Equations Q28) and ((2S]| imply that 

(30) H 2 (F;Z 3 _ T ) = ker5/im5 ^ (0 © © 0) © (Z © Z © 0) © (Z © Z © Z). 

Thus it is possible to calculate the image of the map T> using TheoremEJ Let e 2 , ejj, e§ G hom(C 2 (if); Z) 
be Kronecker duals to e\ , e 2 , e 2 . As explained at the end of Section [31 these induce elements 
if € hom z (C 2 (F);Z) for I = 1,2,3. 

Let [c] S H 2 (//; Z 3 T ) be represented by a cocycle 



J,r=l 
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Thus a 3-cocycle on H representing T>[c] is given by 

3 

(31) £q, P e?U#\ 

l,r=2 

The calculations to determine H 2 (if;Z 3 _ T ) show that it is possible to assume that ci r ,C2 3 = for 
r = 1,2,3. Explicit representatives of e 2 ,e 2 on a fundamental domain for H in H in terms of 
differential forms are given by dx 2 A dx 3 , dx 3 A dx 1 respectively. Therefore the cocycle of equation 
(|3ip can be represented in terms of differential forms by 

(C22 + c 33 ) dx 1 A dx 2 A dx 3 . 

The form dx 1 A dx 2 A dx 3 is under the action of F on H and so it descends to H ; its cohomology 
class [dx 1 A dx 2 A dx 3 ]// generates H 3 (ff;IR) and therefore 

V[c] = (c 22 + c 33 ) [dx 1 A dx 2 A dx 3 ] H . 

Mapping torus of —Id. : T 2 — > T 2 . Let B denote the mapping torus of the involution —Id. : 
T 2 — > T 2 . This manifold admits an integral affine structure, since it can be realised as follows. 
Consider the Z/2-action on M 3 /Z 3 defined by 

(32) C • (x 1 , x 2 , x 3 ) = (x 1 + 1/2, -x 2 , -x 3 ) 

where (x^x^x 3 ) are integral affine coordinates on T 3 as in the previous example, and ( £ Z/2 
is a generator. The action is free and by integral affine transformations and thus the quotient 
B = (]R 3 /Z 3 )/(Z/2) is an integral affine manifold. Let (B,A) denote this integral affine manifold 
and let [ be its linear holonomy. 

Let F ^-t> M — >• (B,A) be an almost Lagrangian fibration with monodromy \~ T and Chern class 
[c] £ H 2 (i?;Z 3 _ T ). Denote by q : M 3 /Z 3 — > B the integral affine double covering map given by 
the Z/2-action of equation (I32p . The pullback almost Lagrangian fibration q*M ->• R 3 /Z 3 has 
trivial monodromy by construction. The period lattice bundle P R 3 nz — > M 3 /Z 3 associated to the 
pullback fibration q*M — > M 3 /Z 3 is trivial and its embedding into T*M 3 /Z 3 induces a choice of 
global ordered frame {8 1 = dx 3 ,# 2 = dx 1 ,^ 3 = dx 2 }. 

The fundamental group of B can be presented using generators and relations as 

7r = tti(B) = (a,/3,7 : j3^ = y/3, a = f3a[3, a = 707). 

The subgroup generated by a 2 , /3, 7 is isomorphic to Z 3 and corresponds to the fundamental group 
of the double cover M 3 /Z 3 — > B. The linear monodromy of the integral affine manifold B is given 
by the map [ : tt±(B) — > GL(3, Z) defined on the generators by 

(33) 1(a) = diag(-l,l,-l), l(j3) = J, [(7) = /, 

where the coordinate system used is (x^x^x 2 ), in line with the above choice of ordered frame of 
T*M 3 /Z 3 . The manifold B admits a CW decomposition with one 0-cell e°, three 1-cells e\,e\,e\, 
three 2-cells ef,e2,e| and one 3-cell e 3 . This decomposition induces a 7r-equivariant cell decompo- 
sition on the universal cover B = R 3 

r3 = U ( e ° U e lg U e i 9 u e ig u e lg u e la u e h u e D 
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Fix the following Z[-7r]-basis for the module Ci(B 
(34) 



<el ifi = 

el „„ , e\ „„ ,eL„ if j = 1 



1,90' c 2, 90 ' c 3,g 
2 2 2 
l,g ' e 2,90' e 3,9o 



if » = 2 



K el ifi = 3 

where go € vr is some fixed element. For notational ease, suppress the dependence on g . The 
boundary maps 

di : d(B) Ci_!(B) 
of the Z[7r]-equivariant chain complex of -B are given on the basis of equation (|34p by 



(35) 



^(4) 


= (a/?7 - I) 




dl(4) 


= (J3- l)e° 




dM) 


= ( 7 -l)e° 




d2{e{) 


= (1-/3)4 


- (i + « 7 )4 


d2(e 2 2 ) 


= (1-7)4 


- (i - /?)4 


02(4) 


= (1-7)4 


-(l + «/3)4 


d 3 (e 3 ) 


= (1-7)4 


-(l-a)4 + (l 



using standard methods in algebraic topology. The corresponding Z[7r]-equivariant cochain complex 
with values in Z 3 arises when applying the equivariant hom^.^ . ; Z 3 ) functor to the chain complex 
defined above. In particular, for the calculation of H 2 (i3;Z 3 _ T ), the relevant maps are 

hom zw (d(S); Z 3 )^- hom zw (C 2 (5); Z 3 )^~ hom zw (C 3 (B); Z 3 ) 
The twisted cohomology group H 2 (1?;Z 3 ) is given by 

H 2 (S;Zf_ T ) =ker5 3 /im5 2 . 
Let </> : C2(B) — > Z 3 be a twisted cocycle, then 
O=(<5 3 0)(e 3 ) = ^a 3 e 3 ) 

= (/ - r T ( 7 ))0(4) - (J - r T (a))<A(4) + (i - r T (/3))<H e §) 

= diag(2, 0,2)^(4) 

where the last equality follows from the definition of [~ T in equation (|33|) . Thus <fi is a twisted 
cocycle if and only if 

(36) 1 ( e 2) = O = 3 ( e 2 ) 

where 4> = (4>i^2,4>3)- Suppose now that is a twisted coboundary, i.e. that it lies in the image 
of #2> so that <j) = #2'0- Using the boundary maps of equation (|35p . it is possible to obtain the 
following conditions on (j) 

(37) M4) = 2fci, 2 (4) = 2A: 2 
for k\,ki G Z. Using equations (j36|) and (|37p . it follows that 

h 2 (B; zf_ T ) ^ (z z/2 e z) e (o e z e o) e (z e z/2 e z). 
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Choose Kronecker duals e 2 G hom(C2(-B); Z) for each 2-cells ef in B. These induce elements 
if € homz(C2(M 3 /Z 3 ); Z). Let c be an equivariant cocycle representing [c] S H 2 (£>;Z 3 _ T ) on 
M 3 /Z 3 . It takes the form 

3 

c = ^ q r e 2 U 9 r 

l,r=l 

Explicit representatives of ef , e 2 ,, e| on a fundamental domain for B in R 3 /Z 3 in terms of differential 
forms are given by dx 1 A dx 2 , dx 2 A dx 3 , dx 3 A dx 1 respectively. Therefore the above cocycle can be 
represented in terms of differential forms on M 3 /Z 3 as 

(en + c 22 + c 33 ) dx 1 A dx 2 A dx 3 . 

Since dx 1 A dx 2 A dx 3 is invariant under the action of tt by deck transformations on M 3 /Z 3 , it 
descends to a closed 3-form on B whose cohomology class [dx 1 A dx 2 A dx 3 ]g generates H 3 (1?;R). 
Thus 

V[c] = (c u + c 22 + c 33 ) [dx 1 A dx 2 A dx 3 ] B . 
5. Conclusion 

The above description of the map T> further emphasises the relation between (almost) Lagrangian 
fibrations and integral affine manifolds. While being useful to carry out the classification of La- 
grangian fibrations over higher dimensional manifolds, the map T> should also reveal information 
about integral affine manifolds. For instance, a natural question to ask is 

Question. Is it possible to choose the forms 9 \ . . . ,9 n so that the image of the map T> lies in a 
cohomology group H 3 (£?; S), where S is some finite ring extension of the integers? 

The examples of Section U] show that this might indeed be the case. In order to answer this 
and many other related questions, it is necessary to investigate what it means for a manifold to be 
integrally affine, which is central to the study of the topology and symplectic geometry of completely 
integrable Hamiltonian systems. 
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